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ABSTRACT
THEOREM. Let a set X CR"™ have unit circumradius and let B be the unit ball
containing X. Put C=convX, D =diam C (=diam X), k=dimC, d, =
V(2i+2)/i. Then: (i) D €[d,2]; (ii) k= m where m€{2,3,...,n} satisfies
D €ld,,d, ) (d; decreases by i); (iii) In case k = m (by (ii), this is always the
case when m = n), C contains a k-simplex A such that: (a) its vertices are on
3B (B) the centre of B belongs to int A; (') the inequalities A, (D)= | = D with

. [4k 2Dk -1)
’\k(D)—D 2__(k_2)(D2_2)’ DE[dkvdk—l)7

are unimprovable estimates for length | of any edge of A.

§1. Introduction

1.1. Jung’s Theorem [1, Theorem 2.6} applied to compact convex sets can
be stated as follows.

TueoreM 1.1.  Let C CR" be a compact convex set of unit circumradius and
let B be the unit ball containing C. Then diam C is not less than V(2n +2)/n
(which is the edge length of a regular n-simplex s inscribed in B). If diam C =
V(2n +2)/n then C contains such a simplex s.

A few questions can be raised in this connection. Suppose diam C is greater
than but close to V(2n +2)/n. One might feel that C shouid then contain an
n-simplex s’ inscribed in B and close to s. How close? What is the range of edge
length of s’ in terms of diam C?

Since inradius r and minimal width W of C are not less than those of s’, one
has thus lower bounds for r and W in terms of diam C. (After dilatation, these
lower bounds will depend on circumradius, too.) What are these lower bounds?
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When diam C (= 2) is large enough then dim C (dimension of C) can be less
than n, so that the lower bounds above turn into zeros. But then clearly dim C
can be estimated from below in terms of diam C. It is obvious, for example, that
dim C > 1 if diam C <2. Indeed, otherwise the segment C CB should be a
diameter of B (because C has unit circumradius) and thus diam C = 2. What is
the lower bound for dim C?

Theorem 1.2 and Remark 2 in 1.4 will answer those questions. Some of the
relations obtained are new even for n =2 (see Remark 3 in 1.4).

1.2. We denote by X the closure of X. By conv, int, diam, dim and vert, we
mean convex hull, interior, diameter, dimension and set of vertices, respectively.

THEOREM 1.2. Let a set X CR" have unit circumradius and let B be the unit
ball containing X. Put C =conv X, D =diam C (=diam X), k =dim C, d; =
(2i +2)/i. Then
(i) D €[d.2];
(i) k = m where m €{2,3,...,n} satisfies D €[d,, dn-1) (d: is a decreasing
function of i);
(iii) in case k = m (by (ii), this is always the case when m = n), C contains a
k-simplex A such that
(a) its vertices are on B
(B) the center of B belongs to intA;
(v) the inequalities \ (D)= 1= D with

M A(D)=D \/2‘1"(; 2_’;)((1")2__1%) D €ld., d. )

are unimprovable estimates for length | of any edge of A.

REMARKS. (1) Note that among all k-simplexes A C C satisfying («) and (B),
there might be none of diameter D.

(2) According to Theorem 1.3 (C), (D), A«(D) has the following interpreta-
tion. Consider a k-simplex a«(D) inscribed in a unit k-dimensional ball B,
having all edges but one of length D € [dy, dk-1). Then A (D) is the length of that
exceptional edge. Obviously o« (D) is the convex hull of two regular (k —1)-
simplexes 8’ and §” with edge length D and with their vertices on 4B, having a
common (k —2)-face 8. The edge having length A.(D) is that one opposing &
(see Fig. 1).

It is obvious now that A,(d,) = d.. As D grows within [d,, d.-1), the quantity
A.(D) clearly decreases and vanishes as D — d,_. In that process, the n-simplex
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Fig. 1.

o.(D) flattens and degenerates into a regular (n — 1)-simplex inscribed in B,-,
when D = d,_,. At that moment, A, is not defined anymore but A,_(d.-\) = d,...
Similarly, as D grows within [d,_, d.—,), we deal with a,_(D). It flattens into a
regular (n —2)-simplex while A,_,(D) decreases and vanishes as D — d,_,; and
so on. Eventually, when D grows within {d, d\)=[V3,2), our o4(D) is an
isosceles triangle whose equal sides have length D. It degenerates into a
diameter of the circle B, (and B,) while A»(D) decreases from V'3 to 0. (See Fig.
2 for the graph of A..)

(3) Equalities in both estimates (y) clearly take place for C = o\ (D).

(4) Jung’s Theorem is a combination of (i) with the particular case of (iii) when
D = d, (because in that case, m = k = n according to (ii), and A,(d,)=d,).

1.3. Basic notation and some relations. The segment with ends x and y, as well
as the length of that segment, will be denoted by xy. For a compact closed
convex set C CR*, we denote by W,(C) and r.(C) the minimal width and
inradius respectively of C in R*. (Thus r,(C)= W, (C)=0 if dim C <k.)

As above, di. (= V(2k +2)/k) denotes diameter of a regular k-simplex s
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inscribed in a unit k-dimensional ball Bi. For D € (0, di-1) and k =2, put
k+1 k+1 k+1

() AdD)= {conv U l v € 3B, 0€ conv U v, diamconv U v = D} ,
i=1 i=1

i=1

where 0 is the center of B..

g

SRS g
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For an element A =convlU; v, € Ac(D), put I(A) = min;=;<j=k+1 ;0. Now
put

A(D) = min{l(A)| A € A(D)};
p(D) = min{r (A) | A € Ac(D)};
o (D) = min{ W, (A)| A € AL (D)}.

(The minima exist by reason of compactness.)
Theorem 1.2 is deduced in §2 from the following

THEOREM 1.3. (A) Au(D) is empty for D <dy, and non-empty for
D €[ds, di-1). Each element of Ai(dy) is isometric to s,.

(B) Each A€ A«(D) is a k-simplex and 0E€intA for D € [dy, di_1).

(C) If I{A) = A (D) for some A€ Ac(D) then all edges of A except one have
length D while the exceptional one has length A (D). (Thus A = (D) as defined
in Remark (2) in 1.2.)

(D) A(D) here is given by the formula (1).

Theorem 1.3 is proved in §3. We prove also in §4 the following

LEmMMA 1.3.
D*V1-D%4
3 el )
) D)= T D E[V3,2)
@) w(D)=D*V1-D%4, DE€E[V3,2).

The lower bounds p,(D) and wxD) are attained by an isosceles triangle
(D) € AD) whose equal sides have length D.

©) p(D)2V1-D(k-1)2k, k=2, DE[didar);

©) w(D)>2V1- DXk —1)2k, k=2, D E[ds di-y).

1.4. ReMARKs. (1) We do not know exact expressions for p, (D) and w. (D),
when k = 3.

(2) Let us return to statement (iii) of Theorem 1.2. Due to (a) and (8), the
k-simplex A there belongs to A.(D). Since

n(C)zn@)zp(D) and Wi(C)z Wi (A) = e (D),
the relations (3)-(6) imply
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D*V1-D/4
r(C)z § 2+2V1-D%/4

®) VI-D(k - 1))2k if k =3;

(7 it k=2,

©) We(C) {zD Vi-D4 if k =2,
(10) >2VI-DAk-Di2k  if k=3.

By Lemma 1.3, equalities in (7) and (9) take place for C = oo(D).

(3) Let n =2 in Theorem 1.2. If D#2, one has k =m =2. (For D =2, m is
not defined.) However, formulas (7) and (9) clearly work for any D € [V3,2].
After dilatation, they yield:

VR —d'/4

(11)
"SIRR+VR -4

v

2

d
(12) Wz— VR -d7a,

Rz
where W, d, r and R are minimal width, diameter, inradius and circumradius of
an arbitrary convex figure in a plane different from a point. The equalities take
place in (11) and (12) for any isosceles triangle whose equal sides are not shorter
than the third side.

The inequality (11) was established by Santal6 [3] in 1959. He also anticipated
a relation of type (12) but could not derive it; see [3, pp. 102-103]. (Thus, the
unknown curve ST in [3, Fig. 14] is given by x = 2y* \/1——7.) More inequalities
involving W, d, r and R can be found in [4, 5, 6].

§2. Proof of Theorem 1.2

2.1. We fisrt prove the statement 1.2(i). Let points vq, vs,..., 0.1 € C N 0B,
not necessarily distinct, be such that the distance between 8 = conv U v and
the center 0 of B is the least over all other sets of n + 1 points from C N ¢B. By
an obvious compactness argument the points v, ..., 0.+ exist. We are going to
show that the distance above is zero, i.e. 0 € 6.

Suppose the contrary. Let u € 8 satisfy d(u,0)=d(8,0)>0, where d(.,.) is
the distance. Denote by H the half-space such that 0 € H and dH is orthogonal
to the segment u0 and passes through its midpoint. Cleartly CNdB N H is
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non-empty, since otherwise one could shift C along u0 to a position in int B.
Take v&€ CNJB NH.

If 8 is an n-simplex then u belongs to one of its faces, say v,v;- - - v,. Now
conv{v,, va, ..., U, 0} is closer to 0 than & because it contains the segment uv and
angle vu0 is less than /2. That contradicts the definition of 8.

If & has a lower dimension, it lies in a hyperplane R"™". It follows from the
Caratheodory Theorem [2, p. 15] that the convex hull of a figure in R"™' can be
represented as the union of convex hulls of all n-tuples from the figure. Thus

n+l1

(13) 6= L=J| conv({vi, v, ..., Vasi}\ 05)

and u belongs to one of the sets in this union, say, u € conv{v,, v,,..., v,}. Now
the set conv{v,, v,..., v, v} yields a contradiction as above.

Since diam 8 = D, the set & belongs to A,(D). Theorem 1.3 (A) implies now
that D = d, and thus 1.2(i) has been proved.

2.2. We prove now 1.2(ii). Let R* be the affine hull of C. Since 068 CCC
R*, the set R*N B is a unit ball B,. Clearly B, is the smallest ball in R*
containing C (otherwise B could be replaced with a smaller ball). Theorem 1.2(i)
(applied to C C By ) implies now that D = d,. Together with D < d,, ., this yields
dn-1>d; m—1<k; m = k. This establishes 1.2(ii).

2.3. We prove now 1.2(iii). First, exactly as in 2.1, we select points
Uy, Usy..., 000 CCNIB, such that A=conv Uf;‘ v; contains 0. Since
D €[di, di-) for k = m, and by (2), A€ A(D). By Theorem 1.3 (B), A is a
k-simplex and 0 € int A. Thus A satisfies (a) and (B8) of 1.2(iii). Theorem 1.3 (D)
implies that Ac(D)= 1= D. The example of C = (D) (see 1.3 (C)) shows that
both estimates here are unimprovable. Thus A satisfies () and Theorem 1.2 has
been proved.

§3. Proof of Theorem 1.3

3.1. We use induction by k. We first check that Theorem 1.3 is true for k = 2.

Suppose Ay(D) is non-empty for some D € (0,2). Clearly, each A€ Ay(D)is a
non-degenerate triangle with 0 € int A, since otherwise either A itself or one of
its sides should be a diameter of the circle B, and therefore diam A =2. Thus 1.3
(B) holds. Let triangle abc belong to Ax(D) with

(14) ab=bc=ac=D.

Suppose bc < D. As a point p moves along 3B, from b to the end ¢’ of the
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diameter cc’, the side pc of the triangle apc grows from bc < D to 2 while the
side ap decreases. At a certain position, one has pc = D, ap < ab, apc € A,(D).
Since ap < pc and (due to (14)) ap < ac, one has I(apc)= ap < ab = l(abc).

Thus a triangle abc € A,(D) with the property l(abc) = A,(D) should satisfy
bc = D so that

(15) ab=bc =ac=D;

(16) (D)= ab =D V&-D’.

Therefore 1.3(C) holds.

Combining (16) with (15), one finds that D =V3 if AJ(D) is non-empty.
Clearly A,(D) is non-empty for D E[\/i 2) because then s, € A,(D). Since
A2(V3) = V3, each element of A(V3) is isometric to s,. Thus, 1.3(A) has been
established.

Combining (16) with D = V3 gives 1.3(D).

3.2. Suppose Theorem 1.3 is true for some k —1=2. Then we prove 1.3(B)
for k. Let Ai.(D) be non-empty for some D €(0,di—;) and let A=
conv{vi, vs, ..., Uxe1} € A (D). Suppose dim A < k. Then A lies in a hyperplane
R*™'. Similarly to (13),

k+1
A= U] conv({vy, va,. .., Veni}\ 0:)

and 0 belongs to one of the sets in the union, say, § = conv{v;, v, ..., ti}. Since
U1, Uy ..., 0 € 3B = B N R*™" and diam & = diam A = D, the set § belongs
to Ac_i(D). By 1.3(A) (with k replaced by k —1), D = d,,, which contradicts
the assumption D € (0, di—;) above. Thus dimA = k.

Suppose 0gZintA. Then 0 belongs to one of its faces, say &=
conv{vy, vs,. .., v }. That yields a contradiction exactly as above. Thus 0 € intA
and 1.3(B) has been proved.

3.3. We will prove here that for any k-simplex A = conv{v,, v,,..., v, v} With
the vertices on B, and with 0 €intA and for any ¢ >0 there exists a point
u € 9B, such that A=conv{vl, 03,..., 0, U} is a k-simplex with 0E€intA
satisfying:

a7 luv,— oo, |<e, uvi<vv, i=123,.. ,k

Since the point 0 € int A, it does not belong to the (k —2)-plane containing the
(k —2)-facet v,0;*--v.. Denote by P the (k—1)-plane passing through
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0,v5,0s,...,0 and by Q the hyperplane tangent to B. at v. Note that v& P
because the face v,v;- - - v and 0 cannot lie in the same hyperplane P. Thus the
segment Ov L Q does not lie in P and the orthogonal projection 7 : P — Q is
one-to-one. For short, we put #(X)= X', X CP.

Obviously (conv{0, vs, v, ..., vc}) = conv{v, v3, v3,..., vi} is a (k — 1)-simplex
in Q. Let vb be its altitude. Then the angle

(18) bov'< w2, i=2,3,... k

The minimal geodesic on 3B, with non-antipodal ends x, y as well as its length
will be denoted by xy. Pick a point u € 4B, such that the arc ot has direction of
the segment vb. Since 0 € int A, there are no antipodal pairs among the vertices
of A. Clearly o0, has the direction of vv). Now (18) implies uo < 0% and
consequently uv; <wvv; when vu is sufficiently short. By continuity, A is a
k-simplex with 0 E€intA and |uv, — vv,|< & when u is close enough to v.

3.4. We prove now 1.3(C). Let A€ A, (D) for some D €(0,d,-,) and let
[(A)= Ac(D). Let ab be an edge of A of length A.(D). Suppose another of its
edges cv satisfies cv < D. If ab and cv have a common vertex, say b = v, then
one can replace v by a nearby point u € 3B, as in 3.3, so that cu is still shorter
than D and all other edges coming from the new vertex u become shorter. In
particular, au < av = A (D), which is impossible since

A = conv(u U vertA\v) € A (D).

If ab and cv have no common vertex, we apply first the previous procedure
(varying the vertex v) to shorten the edge vb, so that it becomes shorter than D.
Then we vary b so as to shorten ab and get the same contradiction as above.
Thus cv = D and 1.3(C) has been proved. Note that A = o, (D) as defined in 1.2,
Remark 2.

3.5. We prove now 1.3(D). By 3.4, A (D) is the length of the edge ab of the
simplex A = g: (D) there. By Remark (2) in 1.2, o (D) is the convex hull of two
regular (k - 1)-simplexes 8’ and 6" with edge length D and with their vertices on
dB.. They have a common face § (a regular (k —2)-simplex with edge length D)
and the vertices a € 8’ and b € §" oppose 8. Let ¢ be the center of & and v be
one of its k — 1 vertices. By reasons of symmetry, the point ¢ and the midpoint e
of ab lie on the same diameter of By (see Fig. 1).

It is known that

(19) co=D
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(20) ca =D\/——-—2(kk_ 0y

From the triangle cv0 and (19), one gets

k=2
20k —1)

(21) ce—0e=+/1-D*

(Note that 0 is between ¢ and e since 0 € int 0. (D).) From the triangle cae and
(20), one gets

(22) ce2+(a—b>2=D2§(—kk:—l—).

From the triangle Oae, we have

(23) 0e2+(“7b)1=1.

Solving the system (21), (22) and (23) with the unknowns ce, Oe and ab one gets

(24) 4k —2D°(k —1)

)‘k(D)z“b=D\/2—(k—2)(D2—2)'

The condition A (D)= D implies now

25) D 2kk+ 3

v

= dk.

The relations (24) and (25) constitute 1.3(D).

3.6. We prove now 1.3(A). The inequality (25) implies that A, (D) is empty for
D <d,. It is non-empty for D & [d, di-1) because it contains then s.. The
equalities (24) and (25) imply that

(26) A(de) = du.

This shows that each A € A, (dy) is isometric to s.. This completes the proof.

§4. Proof of Lemma 1.3
4.1. Let a triangle abc € Ay(D) and let
27 ab=bc=ac=D.

Suppose bc < D. Take a point b’ such that the segments bb’ and ca are parallel
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Fig. 3.

and have the same direction (see Fig. 3). Denote by r, r' the inradii of the
triangles abc and ab’c. Let A be the area of these triangles. Obviously

2A ) 2A

(28) r=ab+bc+ac; r=ab’+b’c+ac'

Since ab = be (see (27)), the point b' lies outside the ellipse passing through b
with foci at a and c. Therefore ab’+ b’'c > ab + bc and, by (28),

r<r

Pick a point b” € 8B, Nint abc (b" exists since b’ & B,). As b’ is close enough
to b, one has 0 €int ab”c. The angle ab"c = abc < 7/2 so that the angles ab"b’
and cb"b’ are obtuse and consequently

b"c <b'c; b"a<b'a.

Since b'c < D and b'a < D for b’ close to b, the triangle ab”c belongs to Ax(D).
If r” is its inradius, then r” <r'<r. Therefore if r.(abc)=r = p.(D) then the
assumption bc < D above is wrong, i.e., bc =ac =D and abc = o:(D).
Elementary calculation shows now that (3) holds.

We leave it to the reader to prove that the lower bound w»(D) is realized by
a»(D) and (4) holds.

4.2, We prove now (5) and (6). Obviously W, (A)= 2r.(A), A € A (D). How-
ever the equality is impossible here since that would imply easily that A has a
pair of parallel faces. Let A satisfy Wi (A)= wx(D). Then
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we(D) = Wi (A)> 2re(8) = 2p (D).

Therefore (6) follows from (5).

Take an arbitrary A € Ac(D). Let p € A be closest to 0. Clearly p € int § for
aface & of A. If R* is the hyperplane containing & then § is inscribed in a ball
be_i = B, N R*™" and p is the center of b._;. Let R be its radius. Denote by &'
the image of & under a dilatation which turns b, into Bi_,. Since

. N D
diam & R dlamééR,

the simplex 8' € Ac_(D/R). By Theorem 1.3(A), D/R = dy_,. Therefore

p0=V1-R’zV1-D*d;..=V1-Dk - 1)/2k.

Thus A contains the ball of radius V1 — D?*(k —1)/2k centered at 0 and (5) has
been proved.
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